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Equation of state for dense QCD and quark stars
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We calculate the equation of state for degenerate quark matter to leading order in hard-derstdlopp
perturbation theory. We solve the Tolman-Oppenheimer-Volkov equations to obtain the mass-radius relation for
dense quark stars. Both the perturbative QCD and the HDL equations of state have a large variation with
respect to the renormalization scale jo=1 GeV which leads to large theoretical uncertainties in the quark
star mass-radius relation.
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[. INTRODUCTION coupling expansion converges very slowly. In order to im-
prove the convergence of the weak-coupling expansion, cal-
An understanding of the behavior of quantum chromody-culational frameworks based on hard-thermal-lagfrL)
namics (QCD) at high density is crucial to describing the resummation have been propog€d-14]. These approaches
physics of compact stars. This is due to the fact that th@ttempt to describe finite-temperature QCD in terms of
nuclear matter within these compact objects may be suffiweakly-interacting massive quasiparticles by reorganizing
ciently dense to undergo a phase transition to a deconfined dt€ perturbative expansion around a state which includes
“quark-matter” phase. Of particular interest is the possibility hard-thermal-loogHTL) quasiparticles at lowest order. De-
that stars which have a significant quark-matter componerigiled studies using these techniques have shown that the
could have a dramatically different mass-radius relationshigonvergence of the reorganized perturbative series appears to
than normal neutron stafd]. However, in order to make be much better than standard resummed perturbation theory
definitive statements about the mass-radius relationship fdA1,12.
such objects one needs a reliable calculation of the equation Motivated by the success of the hard-thermal-loop reorga-
of state of high-density QCD. nization of perturbation theory we apply the equation of state
In recent years high-density QCD has received considerfor dense QCD at zero temperature obtained from hard-
able attention due to the possible breaking of color gaugélense-loop perturbation theodDLPT) to quark stars. The
symmetry which gives rise to color superconductivity. As agoal of doing this is to see if this technique can reduce the
consequence of this, QCD has a very complicated phase di&cale-dependence of the final results and improve the conver-
gram which depends on the number and masses of the d@ence of the successive approximations to the finite-density
namical quark$2]. It would therefore seem that the effect of QCD equation of state. In this paper we calculate the equa-
the superconducting phase on the equation of state wouldn of state of quark-matter to leading order in HDLPT and
need to be taken into account; however, despite the fact th&kse the result to calculate the mass-radius relation for nonro-
the gaps for color superconductivity are inherently nonpertating quark stars. We also make comparisons with the QCD
turbative, their effect on the equation of state for high-Weak-coupling expansion and discuss the large theoretical
density QCD is expected to be sm&B]. Therefore, it is uncertainties in the weak-coupling and HDLPT results.
possible to use equations of state that have been derived The paper is organized as follows. In Sec. I, we discuss
neglecting them. the weak-coupling expansion equation of state. In Sec. lll,
The canonical choice for the equation of state for quarkwe list the finite-temperature and density expressions for the
matter has been to apply nonideal bag models with variouading order HTLPT or HDLPT free energy along with the
values for the bag constalat]. However, others have applied HTL or HDL quark and gluon self-energies. In Sec. IV, we
quasipartide mode|§] or direcﬂy apphed the QCD weak- derive the Ieading order HDLPT equation of state at zero
coupling expansion to first or second order in the strongeémperature and finite density. In Sec. V, we use the resulting
coupling constantx [3]. The possibility of applying the HDLPT equation of state to determine the mass-radius rela-
weak-coupling expansion is an enticing option since this extionship of a nonrotating quark star. Finally, we summarize
pansion can be unambiguously derived from first principlesin Sec. VI. Necessary integrals are tabulated in the Appendix.
However, since the strong coupling constant is expected to

b_e on the order of 1 in_ the phenomenologically relevant den- Il. WEAK-COUPLING EXPANSION
sity range, the question of the convergence of the weak-
coupling expansion becomes a very important one. The zero-temperature, finite-density weak-coupling ex-

At high temperatures, for example, the weak-coupling expansion for the free energy of &UU(N.) gauge theory with
pansion for the QCD equation of state has been carried out td; massless quarks has been calculated through mﬁjby
orderag’2 [6—8]. Unfortunately, the finite-temperature weak- Freedman and McLerral5], and by Baluni16] using the
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1 T particularly foru=1 GeV which is the phenomenologically
09 | relevant range. For example, we see that at NLO the quark
0s | chemical potential at which the pressure vanishes varies from
i 200 MeV to 650 MeV.
' Note that the perturbative expansion of the thermody-
3061 namical potential is an expansiondn with coefficients that
S— 0.5 are polynomial in logfs) and that the logarithms atg are
& o4l due to the effect of plasmons. To properly assess the conver-
gence of the weak coupling expansion of the thermodynam-
031 ics potential atf=0 and u#0, we need to determine the
0zr order a? contribution. While this would be a very compli-
01Ff cated calculation, it can be obtained since the entire power
i series inag can be calculated using diagrammatic methods

0.1 o] ) 10 [19,20. This is in contrast to the high-temperature case
Quark Chemical Potential - p (GeV) where nonperturbative methods are required at ondedue
FIG. 1. Perturbative result for the pressure of a degeneratéo infrared divergences associated with the screening of static

quark-gluon plasma as a function of the quark chemical poteatial Magnetic gluon$21].
truncated at ordests and ai. Bands correspond to variation of the
renormalization scalp<A<4pu. IIl. HDL EFREE ENERGY

momentum-space subtraction scheme. In the modified mini- The weak-coupling expansion is an expansion about an
mal subtraction M_S) scheme the free energy fbr.=3 is ideal gas of massless particles and the lack of convergence
¢ suggests a reorganization of the perturbative series to im-

prove the convergence and reduce the scale dependence. One

4
e Mf[l—z(%) —| A+ Nilog-2 possibility is to use HDLPT which is the analog of hard-
am ™ ™ thermal-loop perturbation theorfHTLPT) in the case of
2 INTPRL large chemical potentials. In HDLPT, one uses effective
+ 11— —Nf) log— (i) ] (1) propagators and vertices that include plasma effects such as
3 AN propagation of massive quasiparticles, screening, and

. Landau-damping. Thus the expansion point of HDLPT is that
whereA=A,—0.536N;+N¢logN;, Ag=10.734-0.13, A is  of ideal gas of massive particles. In the case of zero chemical
the renormalization scale, and is the quark chemical po- potential and high temperature, this way of reorganizing the

tential [14,3]. perturbative expansion has dramatically improved the con-
For the scale dependence af we use the three-loop vergence and reduced the renormalization scale dependence
running [9-12).
At one-loop, HDLPT approximates the high-density phase
dag Bo , B1 5 B2 4 of QCD by a gas of non-interacting massive quasiparticles.
Aﬁ T o YT 4 2% gasdse @ The one-loop HDL free energy for &U(N.) gauge theory

with Ny massless quarks is
where By=11-2N¢/3, B;=51-19N{/3, and B,=2857 5
—5033N;/9+ 325N?/27 [17]. As the boundary condition for F=(Ne=DI(d=1)Fr+FL]1+ NNt Fg+ A&, ()
the integration, we fixag=0.1181 andN;=5 at A=My ] S )
—91.1182 GeV and decreadés by 1 as the bottomN, Whered=3—2e is the number of spatial dimensions afig
=4.0 GeV) and charmM.=1.15 GeV) quark thresholds and F, are the contributions to the free energy from the
are crossed. Below the charm mass we continue the integrifansverse and longitudinal gluons, respectivilg]. 7 is
tion with N;=3. Using this method we obtaia(1 Gev) the contribution to the free energy from each color and flavor
—0.4586. Note that this method is only approximate since®f the quarks, and &, is the leading-order vacuum-energy
within the MS renormalization scheme there are nontrivial coUnterterm. The contributions from the transverse and lon-

matching conditions which need to be imposed as each quaﬂJtUd'nal gluons are

threshold is crossed; however, the corrections are very small 1 1
ZO E/;/-Z]have ignored them and simply required continuity of }"T=§$plog[ P2+ T1(P)], fLZEjf:p'Og[pz—HL(P)],
s .

In Fig. 1, we show the pressur@€ — F) of a degenerate (4)
quark-gluon plasma truncated at orderand ag. The bands
shown are obtained by varying the renormalization seéale Wwherell(P) andII, (P) are the transverse and longitudinal
by a factor of 2 around the central value &f=2u. As can  HDL gluon self-energies. The quark contributidy is
be seen from this figure, there is a large theoretical uncer-
tainty in the pressure resulting from the choice of the scale, Fq=—logdefP—2(P)], (5
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whereX, (P) is the quark self-energy. The quark contribution  In the zero-temperature limit, the transverse free energy
can be rewritten ag10,22 Fr becomes

2 2
A —AO}

s evA?
fq: - 2${p}logP2— Zi{p}bg T

(6) )f dwjlog[pzﬂv +1I(w,p)].

(14)

Fr= 477(

The functionsII+(P), II (P), Ay(P), and Ag(P) are de-

fined by Sincell; is a function of the combinatiom/p only, it is

2042 convenient to rescale the energy—pw. Integrating over
mgP p2 . . '
N(P)= ———| Tp— 7) the angles ofp and using the fact that the integrand is an
T d— 1 2| 4P P2 . .
( p even function ofw, the integral reduces to
I (P)=3mi[1-Tp], ®) 1 Qg [eARE (e (e
m fT:Z(zw)d( am ) fo d“’fo dpp
Ay(P)=iPy— —=Tp, 9
o(PI=IPo i, T © Xlogl(1+w?)p?+Tx(w,1)], (15
2
m whereQy=27%9T'(d/2) is the angular integral. The dimen-
ot —Grq_ d
As(P)=p+ p [1=7¢], (10 sionally regulated integral ovgr can be evaluated analyti-

cally using Eq.(A9) giving
wheremgy andmj, are the gluon and quark mass parameters,

respectively, and the functiofy is defined by d+1 1—-d
. p2 1 Q4 2 r 2 e7A2)€
e)f de(1—c?)~ f%, (12) 27 (2m)8 d+1 4
0 Po+p“c
. (1) (d+1)/2
where the functiorw(e) is Xf do| ——— My (16)
0 1+ w?
I'G-e
w(e)= P (12 Expanding around =3 and evaluating the resulting integral
(2)I'(1—¢) over w numerically, we obtain
IV. ZERO TEMPERATURE AND FINITE CHEMICAL 9 4 e"A2 |\ ¢ Oy
Fr=—g-—Mmy| ——| 53
POTENTIAL T g g 127Tm§ (2m)
In this section, we calculate the zero-temperature limit of
the one-loop HDL free energy E(B). The zero-temperature EJF E) m(8log2-5) +0.11681%. 17
limit of the gluon contribution was calculated in R¢1.0], e 2 48

while the zero-temperature limit of the quark contribution

was calculated in Ref22] using three-dimensional expres- The longitudinal free energg, can be evaluated in the same
sions for the self-energies. Since we are using dimensionahanner and reads

regularization in our calculations, we udalimensional ex-

pressions for them. To leading order in HDL perturbation 9 e’A2 \ € Qy

theory, the difference can be absorbed in a redefinition of the F=—o—mi——| —3
o . : o 87 9 12;:/m2/ (2m)

renormalization scalé . For higher order calculations, it is My

essential to use thaé-dimensional expressions for the quark
and gluon self-energies. X

—1 —l —(1_ log2) +0.32087 18
€ 2 3 ' ’ (18
A. Gluon contribution

The gluon contributionF to the free energy is obtained by

Our original expression for the gluon contribution inserting Eqs(17) and (18) into Eq. (13)
fg:(d_l)fT‘i‘]:L (13) 4 1
2
to the free energy involves a sum over the discrete Matsubara (Ne=1) 128:72 2 Iog— = 2454% (19

frequenciesw,=2m7nT. As T—0, the sum approaches an

integral over the continuous energy The only scale inthe The pole in Eq(19) agrees with the one found in R¢fLO],
resulting integral isng and 7 is proportional tom on di-  but the finite term differs sincd was set equal to 3 in the
mensional grounds. expression for7p.
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B. Quark contribution 1 .‘ T
The quark contribution Eq(6) can be expanded in a 0914 =
power series oﬁné/ w?. To second order imé/ 1?2, we obtain 08 | \\ _________________
1 Y Y P
fq: - 2${p}|OgP2_4m§${p}a +2m3${p} E 0.6 |
05F
x| 2 et T (7)2} (20 o HDLpt A
—— - . A I pt A=p
P* p°P? p’P*’" p?pyt T 03 | — HDLptA=2p |
i ——- HDLpt A=4p
Using the results for the zero-temperature limit of the differ- ’ [ NLO Pert
ent sum-integrals listed in the Appendix, E0) reduces to 0.1r
M4 m2 m2\ 2 0.1 ' 1 10
- _ _ ! _ 2 a Quark Chemical Potential - u (GeV)

FIG. 2. Leading-order HDLPT result for the pressure of a de-
We note that the quark contribution to the free energy isgenerate quark-gluon plasma as a function of chemical potential
ultraviolet finite. The coefficient of then! term is different ~ The NLO weak-coupling expansion resuit is shown as a gray band.
from the one found in Ref$10,29, sinced was set equal to Band corresponds to variation of the renormalization sgeteA
3 in the expression fofp . =An.

In the remainder of the paper we specialize to the ddge
C. One-loop free energy =N;=3. The free energy23) then reduces to
The gluon contribution to the free energy EG9) is ul-
traviolet divergent, while the quark contribution EQO) is . ag ag o
finite. The ultraviolet divergence is cancelled by the counter-/ = ~ z-2#"| 14| —| = 3| log—+2log;- +0.020957

term that was determined in R¢fl0]

2
ag
omy X\ — (26)
Bofo=T5g7¢ @2

Comparing the weak-coupling expansion Ei) with the
The total free energy is given by the sum of E(9), (21),  leading order HDL result Eq23), we note that the ordets

and(22): term is over-included by a factor of 2 but théloga term is
included exactly. A next-to-leading order calculation in HDL
NN mﬁ ) mé 2 perturbation theory would agree with the weak-coupling ex-
F==—.7 176 u? +(6—m) 2 pansion at orders:; and a?log as if we identify the gluon
om? and quark mass parameters with their weak-coupling expres-
F(NZ—1)—8 Iog%—0.62273%. 23 O .
64 A In Fig. 2, we show the leading-order HDL result for the

free energyF normalized to that of an ideal gas. For com-
Our leading order result for the thermodynamic functionsParison, we also show the next-to-leading order prediction
depends on the gluon and quark mass parameters, and tfem the QCD weak-coupling expansion as a gray band. The
renormalization scale\. These parameters are completelyPand is obtained by varying the renormalization sceley a
arbitrary in the sense that the dependence on them will bfactor of 2 around the central value=2x. In this figure,
systematically subtracted out at higher orders. If higher ordewe see that the HDLPT results also have a large variation
calculations were available, the masses could be determiné¥th respect to the renormalization scale. Additionally, we
by a variational principle giving rise to a self-consistent gapsee that the results for both=4u and A=2u are both
equation[9,12]. In a one-loop calculation, we have little unphysical in that they predict negative quark number den-
choice but to take the weak-coupling expansion results fofities. If we add a requirement that the quark number density
the gluon and quark masses. The gluon and quark masses & positive we find that this requires<1.6u.. We will use
[23] this as the lower bound fok in the plots of the mass-radius
relation in the next section.
, 2Npag(A) Note that the requirement that<1.6x may have some
mQZT e (24 physical basis since the scale of the coupling constant should
be related to the average momentum exchange of two quarks
) on the Fermi surface. At zero temperature the largest mo-
2:(NC_1) ag(A) (25) mentum exchange possible i2and the smallest momen-
q 4N, T K tum exchange is of the order of the superconducting ¢jap
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2.5 T T T T T coupling expansion results for the same choice of renormal-
ization scale as dashed lines. As can be seen from this figure
there is a large variation in the mass-radius relationship as
the renormalization scale is varied over even this rather lim-
ited range ofu<A =<1.6u. Using this range, we find using
the HDLPT equation of staté6) that R;,~3.4—10.9 km
andM ,,,~0.6—2.12M . With this same range we find us-
ing the perturbative equation of staté) that R,,~2.4
—5.6 km andM ;,,,~0.42—0.95M .

15F

M/M,

05F VI. DISCUSSION

In this paper, we have calculated the free energy of cold
dense quark matter to leading order in HDL perturbation
theory (HDLPT). The predictions of HDLPT depend on a
renormalization scald that arises both from running of the
coupling constant and from the renormalization of the addi-

FIG. 3. Mass-radius relation for a quark star withu=1.6 and i | ultraviolet di that introd d by th
Alp=1. The weak-coupling results for the same choice of renor-/oNal ultraviolet divergences that are introduce y the

malization scales are shown as dashed livés=1.989x 10°° kg HDLPT reorganization of perturbation theory. It is possible
is the mass of our sun. to separate these two effects by introducing two renormaliza-

tion scalesA; and A, as done in Refl10], and these scales
Therefore, the scale for the coupling constant should be e associated with the soft scale and hard scale, respectively.

the range¢=<A<2u so that the choice oA ~1.6x is not For simplicity we have chosen not to distinguish between the
unreasonable. two and have simply sek;=A,.

We then used the HDLPT equation of state as input to the
TOV equations in order to determine the mass-radius rela-
tionship of quark stars. We find that the large scale depen-

The mass-radius relationship for a nonrotating sphericallflence of the HDLPT and weak-coupling expansion equa-
symmetric star is obtained by solving the Tolman-tions of state lead to large theoretical uncertainties in the
Oppenheimer-Volko(TOV) equationg24] for the massM  quark star mass-radius relationship. In the case of the weak-
and the pressureP= —F) as a function of the radial dis- Ccoupling expansion, the expansion only seems to be under

12

Radius (km)

V. MASS-RADIUS RELATIONSHIP

tance from the center: control foru>5 GeV. For HDLPT, the scale dependence is
larger for all values ofu and without a next-to-leading order
dM HDLPT calculation it is not possible to draw conclusions
W=47szé(r) 27 about the convergence of the series. In addition, the choices

A=4u and A=2u lead to rather unphysical predictions as
can be seen in Fig. 2. In order to eliminate these we were

ar__ %[?(rHﬁ(r)][M(r)+4wr37?(r)] forced to further restrict the range of renormalization scales
dr r<c considered tu<A<1.6 x. The failure of both HDLPT and
2GM(r)] 2 the weak-coupling expansion to reliably describe the finite-
[ - 5 } , (28) density QCD equation of state far between 300 MeV and
cr 1 GeV is troubling since this is the range which is important
_ for determining the mass-radius relationship for a quark star.
where G is Newton’s constantg is the speed of lightg As mentioned in Section I, it possible that a computation
=¢&/c?, andP="PIc?, of the ordera? contribution to the finite-density QCD equa-

In this work we will ignore the presence of the nucleartion of state could remove some of the theoretical uncertain-
phase of matter which is expected to undergo a first-ordeties resulting from the use of the weak-coupling expansion
phase transition to the quark-matter phase. A more detailetesult. Despite the fact that this would be a rather difficult
study would include the effects of the nuclear phase on théask, it seems that this calculation is required in order to
mass-radius relationship; however, our goal here is only t@raw more firm conclusions about the QCD equation of
show that both standard perturbation theory and HDLPTstate. However, even if this calculation were available, the
have large theoretical uncertainties related to the renormapresence of a nonperturbative contribution from a color-
ization scale dependence. The most plausible scenario is thatiperconducting phase of QCD in this range of quark chemi-
there will not be “naked” quark stars, but instead there will cal potential introduces additional theoretical uncertainties.
be neutron stars with a very compact quark-matter core and Rerturbative results extended down to this range of quark
thick outer layer of normal nuclear matter. chemical potential give gaps on the order ap

In Fig. 3, we show the mass-radius relationship obtained~30—-100 MeV. Since the gap gives a relative contribution
by solving the TOV equations numerically fd/ x=1.6 and  of the order of $?/u? this could translate into a relative
Alu=1. For comparison, we also show the QCD weak-modification of the equation of state between 1% and 10%.
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A very challenging problem would be to calculate the 2ut

. . . 2__ M
next-to-leading order correction to the free energy in $(pjlogP “34m2 (A3)
HDLPT. However, it would seem more prudent to compute
the orderag contribution in the weak-coupling expansion 1 2,2
since the finite-density perturbation series does not seem to __ K Ad
suffer from the same problentsscillation and lack of con- i{P}EZ (4m)%’ A4

vergenceg as the finite-temperature perturbation series. If this
contribution is small and reduces the scale dependence of the 1 1 A \2€[1

final results this will allow for more definitive statements ${P}(P2)2: (477)2\477#«) -t+2 |09(27T)}. (A5)
about the quark matter equation of state.
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In the imaginary-time formalism for thermal field theory, 1 2 A |2
the 4-momentumP=(Py,p) is Euclidean with P?= P(Z, ${P} pzpzTP:(Am)z dmp

+p?. The Euclidean energy, has discrete valuesP,

=2n7T for bosons andPy=(2n+1)# T+ w for fermions, 1 m?
wheren is an integer angk is the chemical potential. Loop X|log2 §+3|092+2|°g77) arab
diagrams involve sums ovd?, and integrals ovep. With
dimensional regularization, the integral is generalizedito (A7)
=3—2¢ spatial dimensions. We define the dimensionally 5
regularized sum-integral by $ 1 (7)2:4|09 2(L) ¢
?1 5203 T | am
i (e'}’A2> ET f d3—26p (Al)
P\ am | CeZghar o (2m)32e X %+3 log 2+2 log |. (A8)

eyAZ € d372e
${P}E (4—) T > f —3P2 (A2)  These sum-integrals can be calculated using the methods de-
T Pe=@nilaTip S (2m)°7 %€ veloped in Ref[11].

where 3-2¢ is the dimension of space ardis an arbitrary

momentum scale. The factoeX/4)€ is introduced so that, 3. Integrals

after minimal subtraction of the poles indue to ultraviolet In order to calculate the zero-temperature limit/gf, we
divergencesA coincides with the renormalization scale of peed the following integral:

the MS renormalization scheme.

a+1l F( 1- a)
| 1. Slmlple'one Ioo.p sum mtegralsf . f dppelog(p?+ m?) = 2 2 et
The simple fermionic sum-integrals required in our calcu- 0 at+l
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