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Equation of state for dense QCD and quark stars
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We calculate the equation of state for degenerate quark matter to leading order in hard-dense-loop~HDL!
perturbation theory. We solve the Tolman-Oppenheimer-Volkov equations to obtain the mass-radius relation for
dense quark stars. Both the perturbative QCD and the HDL equations of state have a large variation with
respect to the renormalization scale form&1 GeV which leads to large theoretical uncertainties in the quark
star mass-radius relation.
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I. INTRODUCTION

An understanding of the behavior of quantum chromo
namics ~QCD! at high density is crucial to describing th
physics of compact stars. This is due to the fact that
nuclear matter within these compact objects may be su
ciently dense to undergo a phase transition to a deconfine
‘‘quark-matter’’ phase. Of particular interest is the possibil
that stars which have a significant quark-matter compon
could have a dramatically different mass-radius relations
than normal neutron stars@1#. However, in order to make
definitive statements about the mass-radius relationship
such objects one needs a reliable calculation of the equa
of state of high-density QCD.

In recent years high-density QCD has received consid
able attention due to the possible breaking of color ga
symmetry which gives rise to color superconductivity. As
consequence of this, QCD has a very complicated phase
gram which depends on the number and masses of the
namical quarks@2#. It would therefore seem that the effect
the superconducting phase on the equation of state w
need to be taken into account; however, despite the fact
the gaps for color superconductivity are inherently nonp
turbative, their effect on the equation of state for hig
density QCD is expected to be small@3#. Therefore, it is
possible to use equations of state that have been der
neglecting them.

The canonical choice for the equation of state for qua
matter has been to apply nonideal bag models with vari
values for the bag constant@4#. However, others have applie
quasiparticle models@5# or directly applied the QCD weak
coupling expansion to first or second order in the stro
coupling constantas @3#. The possibility of applying the
weak-coupling expansion is an enticing option since this
pansion can be unambiguously derived from first principl
However, since the strong coupling constant is expecte
be on the order of 1 in the phenomenologically relevant d
sity range, the question of the convergence of the we
coupling expansion becomes a very important one.

At high temperatures, for example, the weak-coupling
pansion for the QCD equation of state has been carried o
orderas

5/2 @6–8#. Unfortunately, the finite-temperature wea
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coupling expansion converges very slowly. In order to i
prove the convergence of the weak-coupling expansion,
culational frameworks based on hard-thermal-loop~HTL!
resummation have been proposed@9–14#. These approache
attempt to describe finite-temperature QCD in terms
weakly-interacting massive quasiparticles by reorganiz
the perturbative expansion around a state which inclu
hard-thermal-loop~HTL! quasiparticles at lowest order. De
tailed studies using these techniques have shown that
convergence of the reorganized perturbative series appea
be much better than standard resummed perturbation th
@11,12#.

Motivated by the success of the hard-thermal-loop reor
nization of perturbation theory we apply the equation of st
for dense QCD at zero temperature obtained from ha
dense-loop perturbation theory~HDLPT! to quark stars. The
goal of doing this is to see if this technique can reduce
scale-dependence of the final results and improve the con
gence of the successive approximations to the finite-den
QCD equation of state. In this paper we calculate the eq
tion of state of quark-matter to leading order in HDLPT a
use the result to calculate the mass-radius relation for no
tating quark stars. We also make comparisons with the Q
weak-coupling expansion and discuss the large theore
uncertainties in the weak-coupling and HDLPT results.

The paper is organized as follows. In Sec. II, we discu
the weak-coupling expansion equation of state. In Sec.
we list the finite-temperature and density expressions for
leading order HTLPT or HDLPT free energy along with th
HTL or HDL quark and gluon self-energies. In Sec. IV, w
derive the leading order HDLPT equation of state at z
temperature and finite density. In Sec. V, we use the resul
HDLPT equation of state to determine the mass-radius r
tionship of a nonrotating quark star. Finally, we summar
in Sec. VI. Necessary integrals are tabulated in the Appen

II. WEAK-COUPLING EXPANSION

The zero-temperature, finite-density weak-coupling e
pansion for the free energy of anSU(Nc) gauge theory with
Nf massless quarks has been calculated through orderas

2 by
Freedman and McLerran@15#, and by Baluni@16# using the
©2002 The American Physical Society01-1



in

-

r

s
g

c
ia
ua
m
o

ce
al

y
ark
rom

dy-

ver-
m-

e
-
wer
ds
se

tatic

an
nce
im-
. One
d-

ive
h as
and
hat
ical
the
on-
ence

se
les.

he

vor
y
on-

al

ra
l
e

JENS O. ANDERSEN AND MICHAEL STRICKLAND PHYSICAL REVIEW D66, 105001 ~2002!
momentum-space subtraction scheme. In the modified m
mal subtraction (MS) scheme the free energy forNc53 is

F52
Nfm

4

4p2 H 122S as

p D2FA1Nf log
as

p

1S 112
2

3
Nf D log

L

m G S as

p D 2J , ~1!

whereA5A020.536Nf1Nf logNf , A0510.73460.13, L is
the renormalization scale, andm is the quark chemical po
tential @14,3#.

For the scale dependence ofas we use the three-loop
running

L
]as

]L
52

b0

2p
as

22
b1

4p2 as
32

b2

64p3as
4 , ~2!

where b051122Nf /3, b1551219Nf /3, and b252857

25033Nf /91325Nf
2/27 @17#. As the boundary condition fo

the integration, we fixas50.1181 andNf55 at L5MZ
591.1182 GeV and decreaseNf by 1 as the bottom (Mb
54.0 GeV) and charm (Mc51.15 GeV) quark threshold
are crossed. Below the charm mass we continue the inte
tion with Nf53. Using this method we obtainas(1 GeV)
50.4586. Note that this method is only approximate sin
within the MS renormalization scheme there are nontriv
matching conditions which need to be imposed as each q
threshold is crossed; however, the corrections are very s
so we have ignored them and simply required continuity
as @18#.

In Fig. 1, we show the pressure (P52F ) of a degenerate
quark-gluon plasma truncated at orderas andas

2 . The bands
shown are obtained by varying the renormalization scaleL
by a factor of 2 around the central value ofL52m. As can
be seen from this figure, there is a large theoretical un
tainty in the pressure resulting from the choice of the sc

FIG. 1. Perturbative result for the pressure of a degene
quark-gluon plasma as a function of the quark chemical potentiam
truncated at orderas andas

2 . Bands correspond to variation of th
renormalization scalem<L<4m.
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particularly form&1 GeV which is the phenomenologicall
relevant range. For example, we see that at NLO the qu
chemical potential at which the pressure vanishes varies f
200 MeV to 650 MeV.

Note that the perturbative expansion of the thermo
namical potential is an expansion inas with coefficients that
are polynomial in log(as) and that the logarithms ofas are
due to the effect of plasmons. To properly assess the con
gence of the weak coupling expansion of the thermodyna
ics potential atT50 andmÞ0, we need to determine th
order as

3 contribution. While this would be a very compli
cated calculation, it can be obtained since the entire po
series inas can be calculated using diagrammatic metho
@19,20#. This is in contrast to the high-temperature ca
where nonperturbative methods are required at orderas

3 due
to infrared divergences associated with the screening of s
magnetic gluons@21#.

III. HDL FREE ENERGY

The weak-coupling expansion is an expansion about
ideal gas of massless particles and the lack of converge
suggests a reorganization of the perturbative series to
prove the convergence and reduce the scale dependence
possibility is to use HDLPT which is the analog of har
thermal-loop perturbation theory~HTLPT! in the case of
large chemical potentials. In HDLPT, one uses effect
propagators and vertices that include plasma effects suc
propagation of massive quasiparticles, screening,
Landau-damping. Thus the expansion point of HDLPT is t
of ideal gas of massive particles. In the case of zero chem
potential and high temperature, this way of reorganizing
perturbative expansion has dramatically improved the c
vergence and reduced the renormalization scale depend
@9–12#.

At one-loop, HDLPT approximates the high-density pha
of QCD by a gas of non-interacting massive quasipartic
The one-loop HDL free energy for anSU(Nc) gauge theory
with Nf massless quarks is

F5~Nc
221!@~d21!FT1FL#1NcNfFq1D0E0 , ~3!

whered5322e is the number of spatial dimensions andFT
and FL are the contributions to the free energy from t
transverse and longitudinal gluons, respectively@10#. Fq is
the contribution to the free energy from each color and fla
of the quarks, andD0E0 is the leading-order vacuum-energ
counterterm. The contributions from the transverse and l
gitudinal gluons are

FT5
1

2
XPlog@P21PT~P!#, FL5

1

2
XPlog@p22PL~P!#,

~4!

wherePT(P) andPL(P) are the transverse and longitudin
HDL gluon self-energies. The quark contributionFq is

Fq52 log det@P” 2S~P!#, ~5!

te
1-2
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whereS(P) is the quark self-energy. The quark contributio
can be rewritten as@10,22#

Fq522X $P%logP222X $P%logFAS
22A0

2

P2 G . ~6!

The functionsPT(P), PL(P), A0(P), and AS(P) are de-
fined by

PT~P!5
3mg

2P2

~d21!p2 FTP211
p2

P2G , ~7!

PL~P!53mg
2@12TP#, ~8!

A0~P!5 iP02
mq

2

iP0
TP , ~9!

AS~P!5p1
mq

2

p
@12TP#, ~10!

wheremg andmq are the gluon and quark mass paramete
respectively, and the functionTP is defined by

TP5w~e!E
0

1

dc~12c2!2e
P0

2

P0
21p2c2 , ~11!

where the functionw(e) is

w~e!5
G~ 3

2 2e!

G~ 3
2 !G~12e!

. ~12!

IV. ZERO TEMPERATURE AND FINITE CHEMICAL
POTENTIAL

In this section, we calculate the zero-temperature limit
the one-loop HDL free energy Eq.~3!. The zero-temperature
limit of the gluon contribution was calculated in Ref.@10#,
while the zero-temperature limit of the quark contributi
was calculated in Ref.@22# using three-dimensional expre
sions for the self-energies. Since we are using dimensio
regularization in our calculations, we used-dimensional ex-
pressions for them. To leading order in HDL perturbati
theory, the difference can be absorbed in a redefinition of
renormalization scaleL. For higher order calculations, it i
essential to use thed-dimensional expressions for the qua
and gluon self-energies.

A. Gluon contribution

Our original expression for the gluon contribution

Fg5~d21!FT1FL ~13!

to the free energy involves a sum over the discrete Matsu
frequenciesvn52pnT. As T→0, the sum approaches a
integral over the continuous energyv. The only scale in the
resulting integral ismg andFg is proportional tomg

4 on di-
mensional grounds.
10500
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In the zero-temperature limit, the transverse free ene
FT becomes

FT5
1

4p S egL2

4p D eE
2`

`

dvE
p
log@p21v21PT~v,p!#.

~14!

Since PT is a function of the combinationv/p only, it is
convenient to rescale the energyv→pv. Integrating over
the angles ofp and using the fact that the integrand is
even function ofv, the integral reduces to

FT5
1

2p

Vd

~2p!d S egL2

4p D eE
0

`

dvE
0

`

dppd

3 log@~11v2!p21PT~v,1!#, ~15!

whereVd52pd/2/G(d/2) is the angular integral. The dimen
sionally regulated integral overp can be evaluated analyti
cally using Eq.~A9! giving

FT5
1

2p

Vd

~2p!d

GS d11

2 DGS 12d

2 D
d11 S egL2

4p D e

3E
0

`

dvFPT~v,1!

11v2 G (d11)/2

. ~16!

Expanding aroundd53 and evaluating the resulting integr
over v numerically, we obtain

FT52
9

8p
mg

4S egL2

12pmg
2D e

Vd

~2p!d

3F S 1

e
1

1

2Dp~8log225!

48
10.116815G . ~17!

The longitudinal free energyFL can be evaluated in the sam
manner and reads

FL52
9

8p
mg

4S egL2

12pmg
2D e

Vd

~2p!d

3F S 1

e
1

1

2Dp~12 log2!

3
10.320878G . ~18!

The gluon contributionFg to the free energy is obtained b
inserting Eqs.~17! and ~18! into Eq. ~13!

Fg52~Nc
221!

9mg
4

128p2F1

e
22 log

mg

L
11.24546G . ~19!

The pole in Eq~19! agrees with the one found in Ref.@10#,
but the finite term differs sinced was set equal to 3 in the
expression forTP.
1-3
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B. Quark contribution

The quark contribution Eq.~6! can be expanded in
power series ofmq

2/m2. To second order inmq
2/m2, we obtain

Fq522X $P%logP224mq
2
X $P%

1

P2 12mq
4
X $P%

3F 2

P42
1

p2P2 1
2

p2P2TP2
1

p2P0
2 ~TP!2G . ~20!

Using the results for the zero-temperature limit of the diff
ent sum-integrals listed in the Appendix, Eq.~20! reduces to

Fq52
m4

12p2F126S mq
2

m2D 1~62p2!S mq
2

m2D 2G . ~21!

We note that the quark contribution to the free energy
ultraviolet finite. The coefficient of themq

4 term is different
from the one found in Refs.@10,22#, sinced was set equal to
3 in the expression forTP .

C. One-loop free energy

The gluon contribution to the free energy Eq.~19! is ul-
traviolet divergent, while the quark contribution Eq.~20! is
finite. The ultraviolet divergence is cancelled by the coun
term that was determined in Ref.@10#

D0E05
9mg

4

128p2e
. ~22!

The total free energy is given by the sum of Eqs.~19!, ~21!,
and ~22!:

F52
NcNfm

4

12p2 F126S mq
2

m2D 1~62p2!S mq
2

m2D 2G
1~Nc

221!
9mg

4

64p2 F log
mg

L
20.622732G . ~23!

Our leading order result for the thermodynamic functio
depends on the gluon and quark mass parameters, an
renormalization scaleL. These parameters are complete
arbitrary in the sense that the dependence on them wil
systematically subtracted out at higher orders. If higher or
calculations were available, the masses could be determ
by a variational principle giving rise to a self-consistent g
equation @9,12#. In a one-loop calculation, we have littl
choice but to take the weak-coupling expansion results
the gluon and quark masses. The gluon and quark masse
@23#

mg
25

2Nf

3

as~L!

p
m2, ~24!

mq
25

~Nc
221!

4Nc

as~L!

p
m2. ~25!
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In the remainder of the paper we specialize to the caseNc
5Nf53. The free energy~23! then reduces to

F52
3

4p2 m4F124S as

p D23S log
as

p
12log

m

L
10.0209579D

3S as

p D 2G . ~26!

Comparing the weak-coupling expansion Eq.~1! with the
leading order HDL result Eq.~23!, we note that the order-as

term is over-included by a factor of 2 but theas
2logas term is

included exactly. A next-to-leading order calculation in HD
perturbation theory would agree with the weak-coupling e
pansion at ordersas and as

2logas if we identify the gluon
and quark mass parameters with their weak-coupling exp
sions.

In Fig. 2, we show the leading-order HDL result for th
free energyF normalized to that of an ideal gas. For com
parison, we also show the next-to-leading order predict
from the QCD weak-coupling expansion as a gray band. T
band is obtained by varying the renormalization scaleL by a
factor of 2 around the central valueL52m. In this figure,
we see that the HDLPT results also have a large varia
with respect to the renormalization scale. Additionally, w
see that the results for bothL54m and L52m are both
unphysical in that they predict negative quark number d
sities. If we add a requirement that the quark number den
be positive we find that this requiresL&1.6m. We will use
this as the lower bound forL in the plots of the mass-radiu
relation in the next section.

Note that the requirement thatL&1.6m may have some
physical basis since the scale of the coupling constant sh
be related to the average momentum exchange of two qu
on the Fermi surface. At zero temperature the largest m
mentum exchange possible is 2m and the smallest momen
tum exchange is of the order of the superconducting gapf.

FIG. 2. Leading-order HDLPT result for the pressure of a d
generate quark-gluon plasma as a function of chemical potentiam.
The NLO weak-coupling expansion result is shown as a gray ba
Band corresponds to variation of the renormalization scalem<L
<4m.
1-4
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Therefore, the scale for the coupling constant should be
the rangef&L,2m so that the choice ofL;1.6m is not
unreasonable.

V. MASS-RADIUS RELATIONSHIP

The mass-radius relationship for a nonrotating spheric
symmetric star is obtained by solving the Tolma
Oppenheimer-Volkov~TOV! equations@24# for the massM
and the pressure (P52F) as a function of the radial dis
tance from the center:

dM

dr
54pr 2Ẽ~r ! ~27!

dP
dr

52
G

r 2c2@ Ẽ~r !1P̃~r !#@M ~r !14pr 3P̃~r !#

3F12
2GM~r !

c2r G21

, ~28!

where G is Newton’s constant,c is the speed of light,Ẽ
5E/c2, andP̃5P/c2.

In this work we will ignore the presence of the nucle
phase of matter which is expected to undergo a first-or
phase transition to the quark-matter phase. A more deta
study would include the effects of the nuclear phase on
mass-radius relationship; however, our goal here is only
show that both standard perturbation theory and HDL
have large theoretical uncertainties related to the renorm
ization scale dependence. The most plausible scenario is
there will not be ‘‘naked’’ quark stars, but instead there w
be neutron stars with a very compact quark-matter core a
thick outer layer of normal nuclear matter.

In Fig. 3, we show the mass-radius relationship obtain
by solving the TOV equations numerically forL/m51.6 and
L/m51. For comparison, we also show the QCD wea

FIG. 3. Mass-radius relation for a quark star withL/m51.6 and
L/m51. The weak-coupling results for the same choice of ren
malization scales are shown as dashed lines.M (51.98931030 kg
is the mass of our sun.
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coupling expansion results for the same choice of renorm
ization scale as dashed lines. As can be seen from this fi
there is a large variation in the mass-radius relationship
the renormalization scale is varied over even this rather l
ited range ofm<L<1.6m. Using this range, we find using
the HDLPT equation of state~26! that Rmax;3.4210.9 km
andMmax;0.622.12M ( . With this same range we find us
ing the perturbative equation of state~1! that Rmax;2.4
25.6 km andMmax;0.4220.95M ( .

VI. DISCUSSION

In this paper, we have calculated the free energy of c
dense quark matter to leading order in HDL perturbat
theory ~HDLPT!. The predictions of HDLPT depend on
renormalization scaleL that arises both from running of th
coupling constant and from the renormalization of the ad
tional ultraviolet divergences that are introduced by t
HDLPT reorganization of perturbation theory. It is possib
to separate these two effects by introducing two renormal
tion scalesL3 andL4 as done in Ref.@10#, and these scale
are associated with the soft scale and hard scale, respect
For simplicity we have chosen not to distinguish between
two and have simply setL35L4.

We then used the HDLPT equation of state as input to
TOV equations in order to determine the mass-radius r
tionship of quark stars. We find that the large scale dep
dence of the HDLPT and weak-coupling expansion eq
tions of state lead to large theoretical uncertainties in
quark star mass-radius relationship. In the case of the we
coupling expansion, the expansion only seems to be un
control form.5 GeV. For HDLPT, the scale dependence
larger for all values ofm and without a next-to-leading orde
HDLPT calculation it is not possible to draw conclusio
about the convergence of the series. In addition, the cho
L54m andL52m lead to rather unphysical predictions a
can be seen in Fig. 2. In order to eliminate these we w
forced to further restrict the range of renormalization sca
considered tom<L<1.6 m. The failure of both HDLPT and
the weak-coupling expansion to reliably describe the fin
density QCD equation of state form between 300 MeV and
1 GeV is troubling since this is the range which is importa
for determining the mass-radius relationship for a quark s

As mentioned in Section II, it possible that a computati
of the orderas

3 contribution to the finite-density QCD equa
tion of state could remove some of the theoretical uncerta
ties resulting from the use of the weak-coupling expans
result. Despite the fact that this would be a rather diffic
task, it seems that this calculation is required in order
draw more firm conclusions about the QCD equation
state. However, even if this calculation were available,
presence of a nonperturbative contribution from a col
superconducting phase of QCD in this range of quark che
cal potential introduces additional theoretical uncertainti
Perturbative results extended down to this range of qu
chemical potential give gaps on the order off
;30–100 MeV. Since the gap gives a relative contributi
of the order off2/m2 this could translate into a relativ
modification of the equation of state between 1% and 10

r-
1-5
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JENS O. ANDERSEN AND MICHAEL STRICKLAND PHYSICAL REVIEW D66, 105001 ~2002!
A very challenging problem would be to calculate t
next-to-leading order correction to the free energy
HDLPT. However, it would seem more prudent to compu
the orderas

3 contribution in the weak-coupling expansio
since the finite-density perturbation series does not seem
suffer from the same problems~oscillation and lack of con-
vergence! as the finite-temperature perturbation series. If t
contribution is small and reduces the scale dependence o
final results this will allow for more definitive statemen
about the quark matter equation of state.
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APPENDIX

In the imaginary-time formalism for thermal field theor
the 4-momentumP5(P0 ,p) is Euclidean with P25P0

2

1p2. The Euclidean energyp0 has discrete values:P0
52npT for bosons andP05(2n11)pT1m for fermions,
wheren is an integer andm is the chemical potential. Loop
diagrams involve sums overP0 and integrals overp. With
dimensional regularization, the integral is generalized tod
5322e spatial dimensions. We define the dimensiona
regularized sum-integral by

XP[S egL2

4p D e

T (
P052npT

E d322ep

~2p!322e
, ~A1!

X $P%[S egL2

4p D e

T (
P05(2n11)pT1m

E d322ep

~2p!322e
, ~A2!

where 322e is the dimension of space andL is an arbitrary
momentum scale. The factor (eg/4p)e is introduced so that
after minimal subtraction of the poles ine due to ultraviolet
divergences,L coincides with the renormalization scale
the MS renormalization scheme.

1. Simple one-loop sum-integrals

The simple fermionic sum-integrals required in our calc
lations are
e

10500
to

s
he

y
ie
ie

-

X $P%logP25
2m4

3~4p!2 , ~A3!

X $P%

1

P2 52
2m2

~4p!2 , ~A4!

X $P%

1

~P2!2 5
1

~4p!2S L

4pm D 2eF1

e
12 log~2p!G , ~A5!

X $P%

1

p2P2 5
2

~4p!2S L

4pm D 2eF1

e
1212 log~2p!G . ~A6!

These sum-integrals can be calculated by standard con
methods.

2. One-loop HDL sum-integrals

The one-loop fermionic sum-integrals involving the HD
function TP are

X $P%

1

p2P2TP5
2

~4p!2 S L

4pm D 2e

3F log 2S 1

e
13log212logp D1

p2

6 G ,
~A7!

X $P%

1

p2P0
2 ~TP!25

4 log 2

~4p!2 S L

4pm D 2e

3F1

e
13 log 212 logpG . ~A8!

These sum-integrals can be calculated using the method
veloped in Ref.@11#.

3. Integrals

In order to calculate the zero-temperature limit ofFg , we
need the following integral:

E
0

`

dppalog~p21m2!5

GS a11

2 DGS 12a

2 D
a11

ma11.
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